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General magnetized Weyl solutions: Disks and motion of charged particles
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Universidad Tecnolo´gica de Pereira, Departamento de F´ısica, A. A. 97, Pereira, Colombia
We construct three families of general magnetostatic axisymmetric exact solutions of Einstein-
Maxwell equations in spherical coordinates, prolate, and oblates. The solutions obtained are then
presented in the system of generalized spheroidal coordinates which is a generalization of the previous
systems. The method used to build such solutions is the well-known complex potential formalism
proposed by Ernst, using as seed solutions vacuum solutions of the Einstein field equations. We show
explicitly some particular solutions among them a magnetized Erez-Rosen solution and a magnetized
Morgan-Morgan solution, which we interpret as the exterior gravitational field of a finite dislike
source immersed in a magnetic field. From them we also construct using the well known “displace,
cut and reflect” method exact solutions representing relativistic thin disks of infinite extension.
We then analyze the motion of electrically charged test particles around these fields for equatorial
circular orbits and we discuss their stability against radial perturbations. For magnetized Morgan-
Morgan fields we find that inside of disk the presence of magnetic field provides the possibility of to
find relativist charged particles moving in both prograde and retrograde direction.
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2I. INTRODUCTION
Magnetic fields play an important role in the study of astrophysical objects such as neutron stars, white dwarfs,
pulsars, black holes and galaxy formation. In fact, several observations show that there are various scenarios where
the magnetic fields and general relativity can not be neglected. One of them is the presence of strong magnetic fields
in active galactic nuclei [1–4]. These nuclei are known to produce more radiation than the rest of the entire galaxy and
directly affect its structure and evolution. Another scenario is the production of relativistic collimated jets in the inner
regions of accretion discs, which can be explained considering magneto-centrifugal mechanisms [5–10]. Also, magnetic
fields are important in understanding the interplay between magnetic and thermal processes for strongly magnetic
neutron stars [11–13]. At least 10% of all neutron stars are born as magnetars, with magnetic fields above 1014 G
[14–16]. Analytical models that describe these astrophysical objects are often associated with solutions of Einsteins
equations [17–22]. In the search for more realistic models for compact stellar systems, the energy-momentum tensor,
the source of Einsteins equations, is modified by introducing more complex terms that take into account additional
physical properties as, for example, electromagnetic fields [23].
Stationary or static axially symmetric exact solutions to the Einstein field equations representing relativistic thin
disks are of great astrophysical importance since they can be used as models for certain galaxies, accretion disks, and
the superposition of a black holes and a galaxy or an accretion disk as in the case of quasars. Static thin disks without
radial pressure were first studied by Bonnor and Sackfield [88], and Morgan and Morgan [25], and with radial pressure
by Morgan and Morgan [26]. Also thin disks with radial tension were considered [27]. Several classes of exact solutions
of the Einstein field equations corresponding to static thin disks with or without radial pressure have been obtained by
different authors [28, 30–35]. Rotating thin disks that can be considered as a source of a Kerr metric were presented
by Bic˘a´k and Ledvinka [36], while rotating disks with heat flow were were studied by Gonza´lez and Letelier [37]. Disk
sources for stationary axially symmetric spacetimes with electromagnetic fields, especially magnetic fields, are also of
astrophysical importance in the study of neutron stars, white dwarfs and galaxy formation. In such situation one has
to study the coupled Einstein-Maxwell equations. Thin disks in presence of electromagnetic field have been discussed
as sources for Kerr-Newman fields [38, 39], magnetostatic axisymmetric fields [40], conformastationary metrics [41],
while models of electrovacuum static counterrotating dust disks were presented in [42]. Charged perfect fluid disks
were also studied by Vogt and Letelier [43], and charged perfect fluid disks as sources of static and Taub-NUT-type
spacetimes by Garc´ıa-Reyes and Gonza´lez [44, 45].
In all the above cases, the disks are obtained by an “inverse problem” approach, called by Synge the “g-method” [46].
The method works as follows: a solution of the vacuum Einstein equations is taken, such that there is a discontinuity
in the derivatives of the metric tensor on the plane of the disk, and the energy-momentum tensor is obtained from the
Einstein equations. The physical properties of the matter distribution are then studied by an analysis of the surface
energy-momentum tensor so obtained. Another approach to generate disks is by solving the Einstein equations given
a source (energy-momentum tensor). Essentially, they are obtained by solving a Riemann-Hilbert problem and are
highly nontrivial [47–53]. A review of this kind of disks solutions to the Einstein-Maxwell equations was presented by
Klein in [54].
Motion of matter near compact stars and black holes has been discussed widely in literature. The interplay
between gravitational and electromagnetic interaction is essential for characteristics of the motion, namely its stability
properties. Motivation for these studies arises from the problem of motion and acceleration of matter (charged particles
or dust grains) [55–58]. The study of the interaction between particles and electromagnetic fields in curved spacetimes
is also of astrophysical interest, such is the case of strong synchrotron radiation emerging galactic cores, which can
be explained admitting the existence in those regions of extended and very intense magnetic fields, interacting with
ultrarelativistic electrons. Such magnetic fields could originate in the inner part of an accretion disc around the
central black hole [59, 60]. Also have been shown that the presence of a strong magnetic field provides the possibility
of relativistic motion of counterrrotating matter [61].
In the present work we construct three families of general magnetostatic axisymmetric exact solutions of Einstein-
Maxwell equations in spherical coordinates, prolate, and oblates. The zero order of this solutions were investigated
previously in the Ref. [42], and although the models of thin disks constructed there satisfied all the energy conditions,
the solutions are not asymptotically flat. Thus the solutions presented in this work are a generalization of solutions
discussed in that reference, and, except the zero order, the new families of solutions are asymptotically flat but with
total mass zero. Hence, all discussed solutions with magnetic field are either singular, not asymptotically flat or
massless. Moreover, in all cases we build models of thin disk in which all the energy conditions are satisfied, which
characterizes a matter distribution made of usual matter. In the case of oblates coordinates, the built solutions
correspond to the magnetized version of the Morgan-Morgan vacuum solution [25]. These solutions are interpreted
as the exterior gravitational field of a finite dislike matter distribution immersed in a magnetic field, and thus can be
used to model disklike astrophysical objects such as galaxies, accretion disks, and certain stars in presence of magnetic
fields. However, unlike the part material or the electrostatic case, we show that the source of the magnetic field is not
3planar but of a different origin such as a remnants or fossil magnetic field [62], or can come from external sources, such
as the presence of a nearby magnetars or neutron stars. On the other hand, even though realistic disklike sources have
thickness, in first approximation these astrophysical objects can be considered to be very thin, e.g., in our Galaxy the
radius of the disk is 10 kpc and its thickness is 1 kpc. In all cases we also construct relativistic models of infinite thin
disks. We find for all the values of parameters that the surface energy density decreases rapidly which permits one can
define a cut off radius and, in principle, to consider these disks as finite. In addition, we analyze the motion of charged
test particles around these fields for circular equatorial orbits and we discuss the stability of this orbits against radial
perturbations. For magnetized Morgan-Morgan fields we find that inside of disk the presence of magnetic field provides
the possibility of to find relativist charged particles moving in both prograde and retrograde direction. Even though
this result can be seen as merely theoretical, there are observational evidence of counterrotating matter components
in certain types of galaxies [63–67].
The paper is organized as follows. In section II we make a review of the Ernst’s method in the case of a magneto-
static axisymmetric spacetime and we construct three families of solutions of Einstein-Maxwell equations in spherical
coordinate, prolate and oblate, and then in generalized spheroidal coordinates which are a generalization of the pre-
vious cases. We also show explicitly some particular solutions among them a magnetized Erez-Rosen solution and
magnetized Morgan-Morgan solution, and we analyze limiting cases.
In section III we present a summary of the procedure to obtain models of thin disks with a purely azimuthal
pressure and currents for the Einstein-Maxwell equations. In particular, we obtain expressions for the surface energy-
momentum tensor and the surface current density of the disks. In the case of the magnetized Morgan-Morgan solutions,
these are interpreted as the exterior gravitational field of a finite dislike source immersed in a magnetic field. Then we
construct using the well known “displace, cut and reflect” method exact solutions representing relativistic thin disks
of infinite extension.
In section IV we study for some particular solutions the equatorial circular motion of charged test particles and we
also discuss their stability against radial perturbation using an extension of Rayleigh criteria of stability [68–70]. In
particular we analyze the circular velocity and the specific angular momentum of the particles. In order to compare
the behavior of these physical quantities with other known magnetized solutions, we also study the electrogeodesic
motion of test particles and their stability for a Kerr-type solution or magnetic dipole solution [74]. Finally, in Section
V we summarize and discuss the results obtained.
II. GENERAL MAGNETIZED WEYL SOLUTIONS
The simplest metric to describe a static axially symmetric spacetime is the Weyl’s line element [73]
ds2 = − e2ψdt2 + e−2ψ[ρ2dϕ2 + e2Λ(dρ2 + dz2)], (1)
where (t, ϕ, ρ, z) are the Weyl canonical coordinates, and ψ and Λ are functions of the coordinates ρ and z only. For
the coordinates we also use the notation (x0, x1, x2, x3) = (t, ϕ, ρ, z). The vacuum Einstein-Maxwell equations, in
geometrized units such that G = c = 1, are given by
Rab = 8πTab, (2a)
Tab =
1
4π
[
FacF
c
b −
1
4
gabFcdF
cd
]
, (2b)
F ab ;b = 0, (2c)
Fab = Ab,a −Aa,b, (2d)
where Tab is the electromagnetic energy-momentum tensor, Fab is the electromagnetic field tensor, and Aa = (φ,A, 0, 0)
is the four-potential, where φ is the electric potential and A the magnetic potential which are also functions of r and
z only. Further, ( ),a = ∂/∂x
a, and ( );a means covariant derivate.
For the metric (1) and in magnetostatic case, the Einstein-Maxwell equations are
∇ · [ρ−2f∇A] = 0, (3a)
f∇2f = ∇f · ∇f + 2ρ−2f3∇A · ∇A, (3b)
Λ,ρ = ρ
(
ψ2,ρ−ψ2,z
)
+
1
ρ
(
A2,ρ−A2,z
)
f, (3c)
Λ,z = 2ρψ,ρ ψ,z +
2
ρ
A,ρA,z f, (3d)
4where f = e2ψ. The equations (3a) y (3b) are equivalent to [71, 72]
f∆E = (∇E + 2Φ∗∇Φ) · ∇E , (4a)
f∆Φ = (∇E + 2Φ∗∇Φ) · ∇Φ, (4b)
where ∆ and ∇ are the standard differential operators in cylindrical coordinates, f = e2ψ, and E and Φ are complex
potentials which in the case static E = E∗ and for the case magnetostatic Φ∗ = −Φ . The above equations are called
Ernst equations. The metric functions are obtained via
f = E +ΦΦ∗, (5a)
Λ,ζ =
√
2ρ
4f2
(E,ζ + 2Φ∗Φ,ζ)(E,ζ + 2ΦΦ∗,ζ)−
√
2ρ
f
Φ,ζΦ
∗
,ζ , (5b)
where
√
2ζ = ρ+ iz, so that
√
2∂,ζ = ∂,ρ − i∂,z, and the magnetic potential A is related to Φ via
A,ζ = i
ρ
f
(ImΦ),ζ . (6)
Taking E as function of Φ, from (4a) and (4b) it follows that
(ReE + |Φ|2) d
2E
dΦ2
∇Φ · ∇Φ = 0, (7)
and hence that E is a lineal function of Φ. Using the boundary conditions E → 1 and Φ→ 0 at infinity, we obtain
E = 1− 2q−1Φ, (8)
where q is a complex constant. With the change of variable
E = ξ − 1
ξ + 1
, (9)
then (8) implies
Φ =
q
(ξ + 1)
, (10)
and the Ernst equations read
[ξξ∗ − (1− qq∗)]∇2ξ = 2ξ∗∇ξ · ∇ξ. (11)
Then making ξ = (1− qq∗)1/2ξˆ the equation (11) takes of form
(ξˆξˆ∗ − 1)∇2ξˆ = 2ξˆ∗∇ξˆ · ∇ξˆ, (12)
which is the Ernst equation in the vacuum [72]. So given a solution of the Einstein field equations in vacuum ξˆ (seed
solution) we can construct a solution of the Einstein-Maxwell field equations. A solutions for this equations is
ξˆ = −eiα coth ψˆ, (13)
where the function ψˆ satisfies the Laplace’s equation
∇2ψˆ = 0. (14)
The case α = 0 corresponds to the well-known Weyl vacuum solutions and the magnetized solutions (taking Φ
imaginary) built from them are the magnetized Weyl solutions. The metric functions and magnetic potential are
given by
f =
4[
(1 + a) e−ψˆ + (1− a) eψˆ
]2 , (15a)
Λ = Λˆ, (15b)
A,ρ = −bρψˆ,z, (15c)
A,z = bρψˆ,ρ, (15d)
5where a =
√
1 + b2, being b is the parameter that controls the magnetic field, and Λˆ is the metric potential Λ
corresponding to the seed solution, that is taking E = e2ψˆ and Φ = 0.
In terms of generalized spheroidal coordinates (ξ,η) [89] which are related to Weyl coordinates (ρ,z) by
ρ2 = k2(ξ2 − σ2) (1− η2) , (16a)
z = kξη, (16b)
with k and σ constants, the equations for the magnetic potential (15c) - (15d) can be cast as
A,ξ = −kb
(
1− η2) ψˆ,η , (17a)
A,η = kb
(
ξ2 − σ2) ψˆ,ξ . (17b)
and for the function Λ
Λ,ξ =
(
1− η2
ξ2 − σ2η2
)[
ξ
(
ξ2 − σ2) ψˆ,2ξ −ξ (1− η2) ψˆ,2η −2η (ξ2 − σ2) ψˆ,ξ ψˆ,η] ,
(18a)
Λ,η =
(
ξ2 − σ2
ξ2 − σ2η2
)[
η
(
ξ2 − σ2) ψˆ,2ξ −η (1− η2) ψˆ,2η +2ξ (1− η2) ψˆ,ξ ψˆ,η] .
(18b)
When σ = 1 we have the prolate coordinates, when σ = i we have the oblate coordinates, and the case σ = 0 with
η = cos θ and k = 1 corresponds to the spherical coordinates. As ψˆ satisfies the Laplace’s equation, the integrability
of the systems (17a) - (18b) is guaranteed. So we can choose any of these equations for find A or Λ.
A. Solutions in spherical coordinates
In terms of spherical coordinates (r,θ) which are related to Weyl coordinates (ρ, z) by
ρ = r sin θ, z = r cos θ, (19)
with 0 ≤ r ≤ ∞ and −π ≤ θ ≤ π, the asymptotically flat general solution of Laplace’s equation (14) can be written
as
ψˆ = −
∞∑
n=0
cn
Pn (cos θ)
rn+1
, (20)
where cn are constants and Pn(cos θ) are the Legendre polynomials. The magnetic potential obtains from of any the
equations (17a) - (17b) in spherical coordinates
A =
∫ θ
pi
A,θdθ = −b
∫ θ
pi
r2 sin θψˆ,r dθ, (21)
where the integral limits are chosen by requiring that the function A to be regular on the axis of symmetry. So
A = −b
∞∑
n=0
cn(n+ 1)
1
rn
∫ θ
pi
sin θPn(cos θ)dθ
= b
∞∑
n=0
cn(n+ 1)
1
rn
∫ θ
pi
Pn(cos θ)d(cos θ).
With the change of variable y = cos θ the above expression takes the form
A = b
∞∑
n=0
cn(n+ 1)
1
rn
∫ y
−1
Pn (y)dy
and using the identity [75]∫ y
−1
Pn(y)dy =
1
2n+ 1
(Pn+1(y)− Pn−1(y)) , n ≥ 0, P−1 = −1, (22)
6we obtain
A = b
∞∑
n=0
cn(n+ 1)
(2n+ 1)rn
[Pn+1(cos θ)− Pn−1(cos θ)] . (23)
Finally, using the identity [76]
Pn+1(cos θ)− Pn−1(cos θ) = 2n+ 1
n+ 1
(cos θPn(cos θ)− Pn−1(cos θ)) , (24)
one finds that the magnetic potential can be written as
A = b
∞∑
n=0
cn
rn
[cos θPn(cos θ)− Pn−1(cos θ)] . (25)
The same above procedure is carried out to find Λ [73] and we obtain
Λ =
∫ θ
pi
Λˆ,θ dθ
= −
∞∑
l,m=0
clcm (l + 1) (m+ 1)
(l+m+ 2) rl+m+2
[PlPm − Pl+1Pm+1]. (26)
Since r =
√
ρ2 + z2 the solutions have only a true singularity at the point ρ = 0, z = 0. Hence the solutions are
regular on the axis of symmetry, except at the origin. Such as singularity could be interpreted as the inside some
kind of black hole and the solutions as the gravitational field produced by such source. The Curzon-Scott-Szekeres
black holes [77, 78] provides an example of this type of spacetimes. However, the problems associated with the
complicated structure of the singularity in these space-times can be avoided by considering the solution to represent
the exterior field of some finite source, e.g, representing the field of a disk (section III). In addition, since | cos(θ)| ≤ 1
and |Pn(cos θ)| ≤ 1 [76] the magnetic potential A (25) tends to zero at infinity only for n ≥ 1. Hence, the solutions
are asymptotically flat only for n ≥ 1, i.e., if the coefficient c0 vanishes. On the other hand, for the line element (1),
in terms of the spherical coordinates (19),
ds2 = − e2ψdt2 + e−2ψ[r2 sin2 θdϕ2 + e2Λ(dr2 + r2dθ2)] (27)
the total mass [79]
m = − 1
4π
lim
r→∞
∫
Sr
Ka;bdSab (28)
(where Sr is a coordinate sphere with radius r and K = ∂t is the static Killing vector) for an asymptotically flat
solution is given by
m = − lim
r→∞
(r2ψ,r). (29)
For a seed solution of the form (20) we have
mˆ = − lim
r→∞
(r2ψˆ,r) = −c0. (30)
From (15a)
ψ,r = ψˆ,r
[
(1 + a)e−ψˆ − (1− a)eψˆ
(1 + a)e−ψˆ + (1− a)eψˆ
]
, (31)
so that using (30) and the fact that ψ → 0 for r →∞ we obtain
m = − lim
r→∞
(r2ψˆ,r) lim
r→∞
[
(1 + a)e−ψˆ − (1− a)eψˆ
(1 + a)e−ψˆ + (1− a)eψˆ
]
= mˆa = −ac0. (32)
7Now if one chooses c0 = 0 in order to guarantee asymptotical flatness this leads to m = 0 for arbitrary coefficients
c1, c2, etc. These parameters contribute to higher multipole moments [80] but not to the mass. According to the
positive mass theorem this imply that the spacetime must be singular or Minkowski space. So when the magnetic field
is present, i.e., if b 6= 0, these solutions are massless in the asymptotically flat case. Moreover, since the expression
for the mass (28) is invariant, this result is true for any coordinate system. Therefore, in presence of magnetic field
these solutions are either singular, not asymptotically flat or massless.
For n = 0 we have that
ψˆ = −m
r
, (33)
where we have chosen c0 = m. Therefore, the exact solution of Einstein-Maxwell field equations for n = 0 is
eψ =
2
(1 + a)em/r + (1− a)e−m/r , (34a)
Λ = −m
2
2r2
sin2 θ, (34b)
A = bm(cos θ + 1). (34c)
This solution is the magnetized version of the Chazy-Curson vacuum solution [42, 81, 82]. The solution is regular
on the axis of symmetry but not is asymptotically flat. Therefore, this solution represents the exterior gravitational
field of a source of finite mass in the presence of a magnetic field spread throughout the space (infinite).
We now consider the sum of the first and second terms n = 0 and n = 2 of series (20). In this case we have
ψˆ = −c0
r
− c2
2r3
(3 cos2 θ − 1), (35)
and the general solutions in spherical coordinates in this case is
A = bc0(cos θ + 1)− 3
2
bc2
1
r2
cos θ sin2 θ, (36a)
Λ = − 1
8r6
sin2 θ
[
3c2 cos
2 θ
(
25c2 cos
2 θ + 10c0r
2 − 14c2
)
+4c20r
4 − 6c0c2r2 + 3c22
]
,
(36b)
and ψ is given by (1).
B. Solutions in prolate spheroidal coordinates
In terms of the prolate coordinates (x, y) which are related to Weyl coordinates (ρ, z) by
ρ2 = k2(x2 − 1)(1− y2), (37a)
z = kxy, (37b)
with x ≥ 1, −1 < y < 1, and k a constant, the asymptotically flat general solution of Laplace’s equation (14) can be
written as
ψˆ = −
∞∑
n=0
cnQn(x)Pn(y), (38)
where cn are constants and the Qn(x) are the Legendre functions of the second kind
Qn(x) =
∞∑
s=0
2n(n+ s)!(n+ 2s)!
s!(2n+ 2s+ 1)!
x−2s−n−1. (39)
From (17a) - (17b) in prolate coordinates, we obtain
A = −kb (x2 − 1) ∞∑
n=0
cnQ
′
n(x)
y∫
−1
Pn(y)dy, (40)
8where the integral limits are chosen by requiring that the function A to be regular on the axis of symmetry. Using
the identities (22) and (24), we have that
A = −kb (x2 − 1) ∞∑
n=0
cn
n+ 1
Q′n(x) [yPn(y)− Pn−1(y)]. (41)
Since Qn(x) diverges for x→ 1, the resulting solutions are singular at x = 1, corresponding to ρ = 0, −1 < y < 1,
i.e., on a part of the symmetric. In the vacuum these solutions have been interpreted by several authors as distorted
static black holes [83]. Using the definition for Qn(x) (39), the recurrence relation
(x2 − 1)Q′n(x) = (n+ 1)[Qn+1(x) − xQn(x)] (42)
and the fact that Qn(∞) = 0 we find that in the infinity (x→∞)
lim
x→∞
(x2 − 1)Q′n(x) =
{ −1, n = 0
0, n ≥ 1 . (43)
Therefore, the magnetic potential A (41) tends to zero at infinity,
lim
x→∞
A = 0, (44)
only for n ≥ 1. Hence, the asymptotically flat solutions are those for which n ≥ 1, i.e., if the coefficient c0 vanishes.
Therefore, as was discussed above, in presence of magnetic field these solutions are either singular, not asymptotically
flat or massless.
For n = 0 we have
ψˆ =
c0
2
ln
(
x− 1
x+ 1
)
. (45)
and the magnetic potential is
A = −kbc0
(
x2 − 1)Q′0(x) [yP0(y)− P−1(y)] ,
= −kbc0
(
x2 − 1) (y + 1)Q′0(x). (46)
Using
Q0(x) =
1
2
ln
(
x+ 1
x− 1
)
,
Q′0(x) = −
1
(x2 − 1) , (47)
we obtain
A = kbc0(y + 1). (48)
So the solution in prolate spheroidal coordinates for n = 0 is
eψ =
2(x2 − 1)c0/2
(1 + a)(x + 1)c0 + (1− a)(x − 1)c0 , (49a)
Λ =
c20
2
ln
[
x2 − 1
x2 − y2
]
, (49b)
A = kbc0(y + 1). (49c)
This solution is the magnetized version of the Zipoy-Voorhees vacuum solution [42, 84, 85]. For b = 0 and c0 = 1
we have the Schwarzschild solution [86] and the case b = 0 and c0 = 2 corresponds to the metric of Darmois [73].
The solution is regular on the axis of symmetry but is not asymptotically flat. Therefore, this solution also represents
the gravitational field outside a source of finite mass in the presence of a magnetic field spread throughout the space
(infinite).
For the terms n = 0 and n = 2 we have that
ψˆ = c0
1
2
ln
(
x− 1
x+ 1
)
+
1
2
c2
(
3y2 − 1) [1
4
(3x2 − 1) ln
(
x− 1
x+ 1
)
+
3
2
x
]
, (50)
9and for the second term of the summation n = 2 the magnetic potential is
A(n = 2) = −kb (x2 − 1) c2 1
2
y
(
1− y2)Q′2(x), (51)
= −1
4
kbc2y
(
1− y2) [3x (x2 − 1) ln(x− 1
x+ 1
)
+ 6x2 − 4
]
.
(52)
Therefore the solution in prolate spheroidal coordinate in this case is
A = kbc0 (y + 1)− 1
4
kbc2y
(
1− y2) [3x (x2 − 1) ln(x− 1
x+ 1
)
+ 6x2 − 4
]
,
(53a)
Λ =
9
64
c22(x
2 − 1)(y2 − 1)(9x2y2 − x2 + 1− y2)
[
ln
(
x− 1
x+ 1
)]2
+
3
16
c2x(y
2 − 1)(27c2x2y2 − 3c2x2 − 21c2y2 + 5c2 + 8c0) ln
(
x− 1
x+ 1
)
+
1
2
(c0 + c2)
2 ln
(
x2 − 1
x2 − y2
)
+
3
16
c2(y
2 − 1)(−12c2y2 + 27c2x2y2 − 3c2x2 + 4c2 + 16c0), (53b)
and ψ is given by (15a). In the absence of magnetic field b = 0 and c0 = 1, we have the Erez-rosen vacuum metric
[87] so that the case b 6= 0 corresponds to a magnetized Erez-rosen metric.
C. Solutions in oblate spheroidal coordinates
In terms of the oblate coordinates (u, v) which are related to Weyl coordinates (ρ, z) by
ρ2 = k2(u2 + 1)(1− v2), (54a)
z = kuv, (54b)
with u ≥ 0, −1 < v < 1, and k a constant, the asymptotically flat general solution of Laplace’s equation (14) can be
written as
ψˆ = −
∞∑
n=0
cnqn(u)Pn(v), (55)
where cn are constants and
qn(u) = i
n+1Qn(iu). (56)
Again requiring that the solution to be regular on the axis of symmetry, it follows that
A = −kb (u2 + 1) ∞∑
n=0
cnq
′
n(u)
v∫
−1
Pn(v)dv,
= −kb (u2 + 1) ∞∑
n=0
cn
2n+ 1
q′n(u) [Pn+1(v) − Pn−1(v)], (57)
and using the identities (22) y (24) we obtain the following expression for the magnetic potential
A = −kb (u2 + 1) ∞∑
n=0
cn
n+ 1
q′n(u) [vPn(v) − Pn−1(v)], (58)
and again ψ is given by (15a). In the absence of magnetic field b = 0 and for n even this solutions correspond
to the Morgan-Morgan vacuum solutions [25] which represent the exterior gravitational field produced by a finite
10
disklike source. So we can call above solutions magnetized Morgan-Morgan solutions. Similarly to the prolate case,
the asymptotically flat solutions are those for which n ≥ 1, i.e., if the coefficient c0 vanishes. Hence, as was discussed
above, in presence of magnetic field these solutions are either singular, not asymptotically flat or massless.
For n = 0 we have
ψˆ = −c0 cot−1(u), (59)
and the potential magnetic is given by
A = −kbc0
(
u2 + 1
)
q′0(u) (v + 1) , (60)
with
q′n(u) = i
n+1Q′n(iu), (61)
q′0(u) = −
1
u2 + 1
. (62)
Hence that for n = 0 the solutions is
eψ =
2
(1 + a)ec0 cot−1 u + (1− a)e−c0 cot−1 u , (63a)
Λ = −c
2
0
2
ln
[
u2 + 1
u2 + v2
]
, (63b)
A = kbc0 (v + 1) . (63c)
This solution is the magnetized version of the Bonnor-Sackfield vacuum solution or zero order Morgan-Morgan
solution [42, 88]. The solution is regular on the axis of symmetry but is not asymptotically flat and represents the
exterior gravitational field of finite disklike source in the presence of a magnetic field spread throughout the space
(infinite).
For the terms n = 0 and n = 2 of series (55) we have
ψˆ = −c0 cot−1(u)− 1
4
c2
(
3v2 − 1) [(3u2 + 1) cot−1(u)− 3u] . (64)
For the second term of the summation we have
A = −kbc2
5
(
u2 + 1
)
q′2(u) [vP2(v) − P1(v)]
=
1
2
kbc2
(
u2 + 1
)
v
(
1− v2) q′2(u)
=
1
2
kbc2v
(
1− v2) [3u (u2 + 1) cot−1(u)− 3u2 − 2] . (65)
Finally, the solutions is
A = kbc0 (v + 1) +
1
2
kbc2v
(
1− v2) [3u (u2 + 1) cot−1(u)− 3u2 − 2] ,
(66a)
Λ = − 9
16k2
c22ρ
2(9u2v2 − u2 + v2 − 1) cot−1(u)2
+
3
8
c2u(1− v2)(27c2u2v2 − 3c2u2 + 21c2v2 − 5c2 + 8c0) cot−1(u)
+
1
2
(c2 − c0)2 ln
(
u2 + v2
1 + u2
)
− 3
16
c2(1− v2)(12c2v2 + 27c2u2v2 − 3c2u2 − 4c2 + 16c0), (66b)
and again ψ is given by (15a). In the absence of magnetic field b = 0 and c0 = c2, this solution corresponds
the first order Morgan-Morgan vacuum solution. Therefore the case b 6= 0 corresponds to a magnetized first order
Morgan-Morgan solution.
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D. Solutions in generalized spheroidal coordinates
We can reunite the three general solutions presented above in a single family by considering generalized spheroidal
coordinates (ξ,η) which are a generalization of the spherical coordinates, prolate and oblate. The asymptotically flat
general solution of Laplace’s equation (14) can be written in this coordinates
ψˆ(ε, η) = −
∞∑
n=0
cn
σn+1
Qn(ε)Pn(η), (67)
where cn are constants and ε = ξ/σ. The expressions corresponding to the metric functions and the magnetic potential
are obtained in the same way as the previous cases, that is
A(ε, η) =
∫ η
−1
A,η dη, (68a)
Λ(ε, η) =
∫ η
−1
Λˆ,η dη. (68b)
So the magnetic potential A is
A = −kb (ξ2 − σ2) ∞∑
n=0
cn
(n+ 1)σn+1
Q′n(ε) [ηPn(η)− Pn−1(η)], (69)
and the metric function Λ is given by [80, 89]
Λ =
∞∑
n,m=0
cncm
σn+m+1
Γmn, (70)
where Q′n(ξ) is the total derivate of Qn(ξ) with respect to ξ and
Γmn =
1
2
ln
[
ε2 − 1
ε2 − η2
]
+ (kn + km − 2knkm) ln
[
ε+ η
ε− 1
]
+
(
ε2 − 1) [ε (An,mQ′nQm +Am,nQ′mQn)− Cn,mQnQm]
+
(
ε2 − 1) [(1− kn)Sm + knSm+1 − kn
m+ 1
(Pm − (−1)mQ′m)
]
+
(
ε2 − 1)2 [QmBm,n −Q′mAm,n + 1n+ 1Am,nQ′mQ′n
]
, (71)
with
kl =
{
1 for l even
0 for l odd
(72)
and where An,m, Bn,m, Cn,m and Sn are
An,m + Am,n = PnPm − (−1)n+m
∫ η
−1
P ′mPndη, (73a)
Bn,m = Bn,m =
∫ η
−1
P ′mPndη, (73b)
Cn,m = Cn,m =
∫ η
−1
ηP ′mPndη, (73c)
Sn =
(n−2)/2∑
k=0
[
1
n− 2k +
1
n− 2k − 1
] (
Pn−2k−1 + (−1)n+1
)
Q′n−2k−1.
(73d)
Finally, the function ψ is given by equation (15a), and with b 6= 0 the solutions are asymptotically flat for n ≥ 1,
i.e., if the coefficient c0 is chosen equal to zero. So in presence of magnetic field all discussed solutions are either
singular, not asymptotically flat or massless.
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III. RELATIVISTIC THIN DISKS
In order to obtain a solution of the Einstein-Maxwell equations (2a) - (2c) representing a thin disk at z = 0 with
current, we assume that the components of the metric tensor and of the electromagnetic potential are continuous
across the disk, but with first derivatives discontinuous on the plane z = 0, with discontinuity functions
bab = gab,z|
z=0+
− gab,z|
z=0−
= 2 gab,z|
z=0+
, (74)
aa = Aa,z|
z=0+
− Aa,z |
z=0−
= 2 Aa,z |
z=0+
. (75)
By using the distributional approach [90–92] or the junction conditions on the extrinsic curvature of thin shells [93, 94],
the Einstein-Maxwell equations yield an energy-momentum tensor Tab = T
elm
ab +T
mat
ab = T
elm
ab +Qab δ(z), and a current
density Ja = jaδ(z) = −e2(ψ−Λ)aaδ(z), where δ(z) is the usual Dirac function with support on the disk, T elmab is the
electromagnetic tensor defined in Eq. (2b), ja is the current density on the plane z = 0, and
Qab =
1
2
{bazδzb − bzzδab + gazbzb − gzzbab + bcc(gzzδab − gazδzb )}
is the distributional energy-momentum tensor. The “true” surface energy-momentum tensor (SEMT) of the disk, Sab,
and the “true” surface current density, ja, can be obtained through the relations
Sab =
∫
Tmatab dsn = e
Λ−ψ Qab , (76a)
ja =
∫
Ja dsn = e
Λ−ψ ja , (76b)
where dsn =
√
gzz dz is the “physical measure” of length in the direction normal to the disk. For the metric (1), the
nonzero components of Sba are
S00= 2e
ψ−Λ {Λ,z − 2ψ,z } , (77a)
S11= 2e
ψ−ΛΛ,z , (77b)
and the only nonzero component of the current density ja in the magnetostatic case is
jϕ = −
1
2π
eψ−ΛA,z , (78)
where all the quantities are evaluated at z = 0+.
In order to give physical significance to the components of the energy-momentum tensor Sba and the electric current
density ja we project them onto the orthonormal tetrad e(a)
b = {V b,W b, Xb, Y b}, where
V a = e−ψ (1, 0, 0, 0), (79a)
W a =
eψ
ρ
(0, 1, 0, 0), (79b)
Xa = eψ−Λ(0, 0, 1, 0), (79c)
Y a = eψ−Λ(0, 0, 0, 1). (79d)
In terms of this tetrad (or observer with four-velocity V a) the surface energy density ǫ, the azimuthal pressure pϕ,
and the azimuthal current density j of the disk are given by
ǫ = −S00 , pϕ = S11 , j =W 1j1. (80)
Finite thin disks can be obtained introducing oblate spheroidal coordinates, which are naturally adapted to a disk
source. These solutions, in the vacuum and static case, correspond to the Morgan and Morgan solutions [25]. In the
case of the magnetized Morgan-Morgan solutions, following the reference [25], for n even the metric functions are
continuous across the disk but its first derivatives are discontinuous in the direction normal to the disk, which can be
interpreted as a finite thin disk located at z = 0 and 0 ≤ ρ ≤ 1. However, since for n even the function A is a odd
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polynomial of v, the opposite occurs with the magnetic potential, i.e, it is discontinuous across the disk but its first
derivatives are continuous in the direction normal to the disk, so that electric current density also is zero on the disk
and in consequence the source of the magnetic field is non planar but of a different origin such as a remnants or fossil
magnetic field [62], or can come from external sources, such as the presence of a nearby magnetars or neutron stars.
Indeed on the disk the Maxwell equations ∂bF¯
ab = 4πJ¯a, where ‘bar’ denotes multiplication by
√−g, are given by
− 4πj¯ϕδ(z) = ∂zgzzA¯,z + ∂ρgρρA¯,ρ, (81)
where δ(z) is the usual Dirac Function with support on the disk. Integrating through the disk we obtain
− 4πj¯ϕ =
∫ z=0+
z=0
−
∂zg
zzA¯,zdz +
∫ z=0+
z=0
−
∂ρg
ρρA¯,ρdz
= gzzA¯,z
∣∣z=0+
z=0
−
+ ∂ρg
ρρ∂ρ
∫ z=0+
z=0
−
A¯dz
= 0, (82)
where the first term on the right-hand side vanishes due to the continuity of the metric and A,z and the second term
from discontinuity of A, or in other words as A is an odd polynomial function of v its integral through the disk is
even and hence continuous, so that to the evaluate at the limits of integration expression vanishes. Thus we can
interpret this solutions as the exterior gravitational field of a finite dislike source immersed in a magnetic field. For
completeness, we analysis the electrostatic case, i.e., for Φ real. The electric potential φ is given by
φ =
p(e−ψˆ − eψˆ)
(1 + a)e−ψˆ + (1 − a)eψˆ
, (83)
where a =
√
1 + p2, being p the parameter that controls the electric field, and the only non-zero component of the
current density ja on the plane z = 0 is
jt = −
1
2π
eψ−Λφ,z, (84)
whereas in terms of the tetrad (79) the electric charge density σ is given by
σ = −V 0j0. (85)
We see that just as metric the electric potential φ is a even function of v and in consequence the current density in
the disk is nonzero. Therefore, this solutions can be interpreted as the gravitational field of a finite charged disk.
In order to study the behavior of the main physical quantities associated with these disks we perform a graphical
analysis of them for magnetized first order Morgan-Morgan finite disks. In Fig. 1 we show the energy density ǫ and
the azimuthal pressure pϕ with c0 = c2 = 0.4 and for values of magnetic field parameter b = 0 (dashed curves), 0.5,
1, and 2 (bottom curves), as functions of ρ. We see that the energy density presents a maximum at ρ = 0 and then
decreases with ρ. We also see that the presence of magnetic field decreases the energy density at the central region
of the disk and later increases it. We can observe that the pressure increases rapidly as one moves away from the
disk center, reaches a maximum and later decreases. We also observe that the magnetic field decreases the pressure
everywhere on the disk. The graph also show that the disk’s surface energy density is always positive in concordance
with the weak energy condition, as well as the stress in azimuthal direction (pressure). The strong energy condition,
ǫ+pϕ > 0, is also satisfied. These properties characterize a fluid made of matter with the usual gravitational attractive
property. In addition, in Fig. 1(c) we show, in the electrostatic case, the surface electric charge density σ for values of
electric field parameter p = 0.2 (dashed curve), 0.5, and 1 (top curve) and the same values of c0 and c2. We observe
a greater concentration of electric charge near the rim of the disk and that this increases as we increase the electric
field.
Exact solutions which represent the field of a disk also can be obtained using the well known “displace, cut and
reflect” method that was first used by Kuzmin [95] and Toomre [96] to constructed Newtonian models of disks, and
later extended to general relativity [33, 34, 36, 37]. Given a solution of the Einstein-Maxwell equation, this procedure
is mathematically equivalent to apply the transformation z → |z|+ z0, with z0 constant, on that solution. However,
this disks are essentially of infinite extension and the field not correspond exactly to the metric with which we started.
These solutions can be called in our case magnetized Weyl type solutions. The reflection symmetry with respect to
the plane of disk implies that in this case A is continuous across the disk and its first derivative discontinuous in the
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direction normal to the disk, so that electric current density is nonzero on the disk and in consequence the source of
the magnetic field is planar.
In Figs. 2 - 4 we show, as functions of ρ, the energy density ǫ, the azimuthal pressure pϕ and surface azimuthal
electric current density j for magnetized Weyl type disks of infinite extension corresponding to the lineal combination
of the first and second terms of the series in the three families of solutions considered. Since the surface energy density
decreases rapidly one can to define a cut off radius and, in principle, to consider these disks as finite. Anyway all the
physical quantities present a similar behavior to the previous case.
IV. MOTION OF CHARGED PARTICLES AROUND MAGNETIZED WEYL FIELDS
The relativistic Lagrangian for a test particle in presence of a gravitational and magnetic field is given by
L = 1
2
gabx˙
ax˙b + e˜Aϕ˙, (86)
where e˜ = e/m is the specific charge of the particle and the overdot denotes derivate with respect to the proper time
s. For magnetized Weyl fields we have two constants of motion
E = −pt/m = −gttt˙, (87)
L = pϕ/m = gϕϕϕ˙+ e˜A, (88)
where E represents the relativistic specific energy and L the specific angular momentum.
For circular orbits and from symmetry of the field the equation for the electrogeodesic motion of the particle is
given by
1
2
gab,ρu
aub = −e˜Fρaua, (89)
where ua is the 4-velocity of particles with respect a the coordinates frame. For equatorial circular orbits ua has
components ua = u0(1, ω, 0, 0) where ω = u1/u0 = dϕdt is the angular velocity of the test particles, and in the case
magnetostatic the equation of motion reads
1
2
u0(gϕϕ,ρω
2 + gtt,ρ) = −e˜A,ρω, (90)
where u0 obtains normalizing ua, that is requiring gabu
aub = −1. Thus with
(u0)2 = − 1
gϕϕω2 + gtt
(91)
the equation of the electrogeodesic takes the form
A¯(ω2)2 + B¯ω2 + C¯ = 0, (92)
where
A¯ = g2ϕϕ,ρ + 4e˜
2gϕϕA
2
,ρ
= 4ρ2e−2ψ[(1 − ρψ,ρ)2e−2ψ + e˜2A2,ρ], (93a)
B¯ = 2gtt,ρgϕϕ,ρ + 4e˜
2gttA
2
,ρ
= −4[2ρψ,ρ(1− ρψ,ρ) + e˜2A2,ρe2ψ], (93b)
C¯ = g2tt,ρ = 4ψ
2
,ρe
4ψ. (93c)
Therefore, the angular velocity ω is given by
ω2 =
−B¯ ±√D
2A¯
, (94)
where
D = B¯2 − 4A¯C¯ = 16e˜2A2,ρe2ψ[4ρψ,ρ(1− 2ρψ,ρ) + e˜2A2,ρe2ψ] ≥ 0, (95)
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and positive sign corresponds to the direct orbits (or co-rotating with L > 0) and the negative sign to the retrograde
orbits (or counter-rotating with L < 0). From (91) and (94) we find
E = −gttu0, (96)
L = gϕϕωu
0 + e˜A. (97)
With respect to the orthonormal tetrad (79) the 3-velocity has components
v(i) =
e(i)au
a
e(0)bub
. (98)
For equatorial circular orbits the only nonvanishing velocity components is given by
(v(ϕ))2 = v2c = −
gϕϕ
gtt
ω2 = ρ2e−4ψω2, (99)
which is the circular velocity of the particle as seen by an observer at infinity. In fact when ρ → ∞, ψ → 0 and
v2c = ρ
2ω2 = ρdφdρ , where φ is the Newtonian gravitational potential, and vc is the circular velocity, which represents
the velocity of a test particle in a circular orbit at radius ρ. For neutral particles e˜ = 0 we have
v2c =
ρψ,ρ
1− ρψ,ρ , (100)
with
ψ,ρ = ψˆ,ρ
[
(1 + a)e−ψˆ − (1− a)eψˆ
(1 + a)e−ψˆ + (1− a)eψˆ
]
. (101)
In terms of the circular velocity vc the specific angular momentum can be written as
L =
ρe−ψvc√
1− v2c
+ e˜A. (102)
To analyze the stability of circular orbits on the equatorial plane we use an extension of Rayleigh criteria of stability
of a fluid at rest in a gravitational field [68–70]. The motion equation (90) can be cast as a balance equation
gρρgtt,ρE
2
2g2tt
+ e˜gρρA,ρωu
0 = −g
ρρgϕϕ,ρ(L− e˜A)2
2g2ϕϕ
(103)
where the term first on the left-hand side represents the gravitational force Fg, the term second the the Lorentz force
FL, and the term on the right-hand side the centrifugal force Fc(ρ) = F (ρ, L(ρ)) acting on the particle. So we have a
balance between the total force F (ρ) = Fg+FL and the centrifugal force. We now consider the particle to be initially
in a circular orbit with radius ρ = ρ0 and we slightly displace it to a higher orbit ρ > ρ0. The angular momentum
of particle remains equal to its initial value L0 = L(ρ0) which implies that the centrifugal force in its new position is
Fc(ρ, L0). In order that the particle returns to it initial position must be met that F (ρ) > Fc(ρ, L0), but according
to the balance equation (103) F (ρ) = Fc(ρ, L) so that Fc(ρ, L) > Fc(ρ, L0), and hence (L− e˜A)2 > (L0− e˜A)2. Using
the expresion for L (97) and defining la function h = gϕϕωu
0, follows that h(ρ)2 > h(ρ0)
2. Note that the quantity h
has the same form that the specific angular momentum in the vacuum. By doing a Taylor expansion of h2(ρ) around
ρ = ρ0 one finds that the condition of stability for a circular orbit is
hh,ρ > 0, (104)
or, in other words,
h2,ρ > 0. (105)
In order to study the behavior of these physical quantities for the previous solutions again we perform a graphical
analysis of them for the zeroth and second terms of the series in the three families of solutions considered. In all cases
we take e˜ = 1. We first analyze the magnetized Weyl solutions in spherical coordinates. In this case A,ρ = 0, so that
the velocity is given by expression (100). In Figure 5 we show the circular velocity curves v2c and h
2 for test particles
with c0 = 0.5 and c2 = 1 (figures 5(a) and 5(b)), and c0 = 0 and c2 = −0.5
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(figures 5(c) and 5(d)), for values of magnetic field parameter b = 0 (dashed curves), 1, 2, 3 (top curves), as functions
of ρ. In first case we see that the tangential velocity increase initially from certain ρ = ρ0, reaches a maximum and
then falls to zero, and is always a quantity less than the velocity of light. We also observer that inclusion of magnetic
field make these orbits less relativistic. Meantime we see that the quantity h2 always is a increasing function of ρ
that corresponds to stable circular orbits. In the second case we find that v2c increases from zero at infinity to 1 (the
velocity of light) at circular photon orbit ρ = ρph, and that h
2 always is a decreasing monotonous function of ρ which
means that this orbits are instable against radial perturbation.
We now analyze the magnetized Erez-Rosen solutions. In this case also A,ρ = 0. So in figure 6 we show the circular
velocity curves v2c and h
2 for test particles with c0 = 0.5 and c2 = 1 (figures 6(a) and 6(b)), and c0 = 0 and c2 = −0.5
(figures 6(c) and 6(d)), for values of magnetic field parameter b = 0 (dashed curves), 0.5, 1, 2 (top curves), as functions
of ρ. In first case we see that the tangential velocity increase initially, reaches a maximum and then falls to zero,
being always a quantity less than the velocity of light. We also observer that inclusion of magnetic field make these
orbits less relativistic. The quantity h2 always is a increasing function of ρ that corresponds to stable circular orbits.
In the second case we find that v2c also increase initially but not from zero and that only the central regions are stable.
In Figures 7 and 8 we show for magnetized first order Morgan-Morgan fields the circular velocity curves v2c and h
2
for test particles with c0 = 0.5, c2 = 1 (figures 7) and with c0 = 0, c2 = −1 (figures 8) for values of magnetic field
parameter b = 0, 1, and 1.4. We find inside of the disk A,ρ 6= 0 so that in this case we have two values for the angular
velocity ω±, which corresponds to the direct and retrograde motions of particles. Figures on the left side correspond
to the inside of the disk and to the direct motion of particles. For the retrograde motion of the particles we obtain
a similar behavior. For all values of parameters we find regions where circular orbits are possible, that is, regions
where the velocity of particles is always a quantity less than the velocity of light. We also observer that inclusion of
magnetic field can makes these orbits less relativistic. We find strong change in the slope of h2 at certain values of ρ
which means that there is a strong instability there, also regions with negative slope where the orbits are unstable,
but always we find regions where h2+ is a increasing monotonous function of ρ that corresponds to stable circular
orbits. We also observe that the increase of magnetic field can make stable these orbits against radial perturbation.
In order to compare the behavior of these quantities with other known magnetized solutions we now analyze a Kerr
type solution or magnetic dipole solution [74]. In this case also we have two values for the angular velocity, ω±. For
the direct motion of the particles, in figure 9 we present 9(a) the circular velocity curves v2c+ for b = 0 (dashed curve),
0.5 (curve with points and lines), 1.5, 2, 2.5, and 3 (bottom curve), and h2+ for 9(b) b = 0 (dashed curve), 0.5, 9(c)
b = 1.5 (dashed curve), 2, 2.5, and 3 (bottom curve), as functions of ρ. We see that in absence of magnetic field b = 0
the circular velocity increases from zero at infinity to 1 (the velocity of light) at circular photon orbit ρ = ρph, but as
we increase the magnetic field it reaches a maximum and then falls to zero, being always less than the velocity of light.
We also see that inclusion of magnetic field make these orbits less relativistic. Regarding the function h2 we find for
b = 0 and b = 0.5 (or weak fields) strong change in the slope of h2+ at certain values of ρ which means that there is a
strong instability there, also regions with negative slope where the orbits are unstable, but after certain values of ρ we
find that h2+ is a increasing monotonous function of ρ that corresponds to stable circular orbits. We also observe that
the increase of magnetic field can make stable these orbits against radial perturbation. For the retrograde motion of
the particles we obtain a similar behavior.
V. DISCUSSION
Using the well-known Ernst’s method were constructed three families of general magnetostatic axisymmetric exact
solutions of Einstein-Maxwell equations in spherical coordinates, prolate, oblates, and also in generalized spheroidal
coordinates which is a generalization of the previous systems. Except the zero order, the constructed solutions are
asymptotically flat but with total mass zero. Hence, all discussed solutions with magnetic field are either singular, not
asymptotically flat or massless. In the three cases considered we show explicitly the solutions corresponding to the
zeroth and second terms of the series of the solutions, among them a magnetized Erez-Rosen metric and a magnetized
Morgan-Morgan metric, which was interpreted as the exterior gravitational field of a finite dislike source immersed
in a magnetic field, and we analyze the material properties of the disk such as the surface energy density and the
azimuthal pressure. From them we also study relativistic models of thin disks of infinite extension. We find always
values of parameters for which all the energy conditions are satisfied.
We also analyzed the electrogeodesic equatorial circular motion of test particles for the sum of the first and second
terms of series of solutions and we also discuss their stability. For all values of parameters we find regions where
circular orbits are possible, that is, regions where the circular velocity of particles is always a quantity less than the
velocity of light. We also observer that inclusion of magnetic field can makes these orbits less relativistic. We find
strong change in the slope of the function h2 at certain values of the radial coordinate ρ which means that there is
a strong instability there, also regions with negative slope where the circular orbits are unstable, but always we find
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values of parameter for which h2 is a increasing monotonous function of ρ that corresponds to stable orbits. We also
observe that the increase of magnetic field can make stable these orbits against radial perturbation. For magnetized
Morgan-Morgan fields was found that inside of disk the presence of magnetic field provides the possibility of to find
relativist charged particles moving in both direct and retrograde direction.
Finally in order to compare the behavior of these physical quantities with other known magnetized solutions, we
also analyze the electrogeodesic motion of test particles and their stability for a Kerr-type solution (magnetic dipole
solution). We found for some value of the parameter a similar behavior to the previous cases.
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(a) (b) (c)
FIG. 1. (a) The surface energy density ǫ and (b) the azimuthal pressure pϕ for magnetized first order Morgan-Morgan finite
disks with c0 = c2 = 0.4 and for values of magnetic field parameter b = 0 (dashed curves), 0.5, 1, and 2 (bottom curves), as
functions of ρ. (c) The surface electric charge density σ (electrostatic case) for p = 0.2 (dashed curve), 0.5, and 1 (top curve)
and the same values of c0 and c2.
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FIG. 2. (a) The surface energy density ǫ and (b) the azimuthal pressure pϕ for magnetized weyl type infinite disks in spherical
coordinates and second order with z0 = 1, c0 = 1, c2 = 0.5 and for values of magnetic field parameter b = 0 (dashed curves),
0.5, 1, and 2 (bottom curves), as functions of ρ. (c) The azimuthal current density j for b = 0.5 (dashed curve), 1, and 2 (top
curve) and the same values of z0, c0 and c2.
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FIG. 3. (a) The surface energy density ǫ and (b) the azimuthal pressure pϕ for magnetized Erez-Rosen type infinite disks with
z0 = 2, c0 = c2 = 1 and for values of magnetic field parameter b = 0 (dashed curves), 1, 2, and 3 (bottom curves), as functions
of ρ. (c) The azimuthal current density j for b = 1 (dashed curve), 2, and 3 (top curve) and the same values of z0, c0 and c2.
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FIG. 4. (a) The surface energy density ǫ and (b) the azimuthal pressure pϕ for magnetized first order Morgan-Morgan type
infinite disks with z0 = c0 = c2 = 1 and for values of magnetic field parameter b = 0 (dashed curves), 0.5, 1, and 2 (bottom
curves), as functions of ρ. (c) The azimuthal current density j for b = 0.5 (dashed curve), 1, and 2 (top curve) and the same
values of z0, c0 and c2.
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FIG. 5. For magnetized weyl fields in spherical coordinates and second order we plot, as functions of ρ, the circular velocity v2c
and h2 for test particles with c0 = 0.5 and c2 = 1 (figures (a) y (b) ), and c0 = 0 and c2 = −1 (figures (c) y (d) ), for values of
magnetic field parameter b = 0 (dashed curves), 1, 2, 3 (top curves).
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FIG. 6. For magnetized Erez-Rosen fields we plot, as functions of ρ, the circular velocity v2c and h
2 for test particles with
c0 = 0.5 and c2 = 1 (figures (a) y (b) ), and c0 = 0 and c2 = −0.5 (figures (c) y (d) ), for values of magnetic field parameter
b = 0 (dashed curves), 0.5, 1, 2 (top curves).
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FIG. 7. For magnetized first order Morgan-Morgan fields we plot, as functions of ρ, the circular velocity v2c and h
2 for test
particles with c0 = 0.5 and c2 = 1, for values of magnetic field parameter b = 0 (dashed curves), 0.5, 1, and 1.4 (top curves).
Figures on the left side correspond to the inside of the disk and to the motion direct of particles.
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FIG. 8. Also for magnetized first order Morgan-Morgan fields we plot, as functions of ρ, the circular velocity v2c and h
2 for test
particles with c0 = 0 and c2 = −1, for values of magnetic field parameter b = 0 , 0.5, 1, 1.4 (dashed curves). Again figures on
the left side correspond to the interior region of the disk and the motion direct of particles.
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FIG. 9. For a Kerr-type solution (magnetic dipole solution) we plot, as functions of ρ, (a) the circular velocity v2c+ for test
particles with b = 0 (dashed curve), 0.5 (curve with points and lines), 1.5, 2, 2.5, and 3 (bottom curve), and h2+ for (b) b = 0
(dashed curve), 0.5, (c) b = 1.5 (dashed curve), 2, 2.5, and 3 (bottom curve).
